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Hund’s coupling in multi-orbital systems allows for the possibility of even-parity orbital-
antisymmetric spin-triplet pairing which can be stabilized by spin-orbit coupling (SOC). While
this pairing expressed in the orbital basis is uniform and spin-triplet, it appears at the Fermi surface
(FS) as a pseudospin-singlet, with the momentum-dependence determined by the SOC and the un-
derlying triplet character remaining in the form of interband pairing active away from the FS. Here,
we examine the role of momentum-dependent SOC (k-SOC) in generating non-trivial pairing sym-
metries at the FS, as well as the hidden triplet nature associated with inter-orbital pairing, which we
dub a “shadowed triplet”. Applying this concept to Sr2RuO4, we first derive several forms of k-SOC
with d-wave form-factors from a microscopic model and subsequently show that for a reasonable
range of SOC parameters, a pairing state with s+ idxy symmetry at the FS can be stabilized. Such
a pairing state is distinct from pure spin-singlet and -triplet pairings due to its unique character of
pseudospin-singlet pairing on the FS with underlying pseudospin-triplet nature away from the FS.
We discuss experimental probes to differentiate the shadowed triplet pairing from pure spin-triplet
and -singlet pairings.
I. INTRODUCTION
A key feature of superconductivity (SC) is the
antisymmetric-wavefunction of the Cooper pair under the
exchange of two electrons. This has limited the focus to
even-parity spin-singlet and odd-parity spin-triplet pair-
ings in a single Fermi surface system. In multi-orbital
systems, additional possibilities arise due to the orbital
degree of freedom, such as even-parity spin-triplet, or
odd-parity spin-singlet pairings. For example, it was
shown earlier that Hunds coupling in multi-orbital sys-
tems allows for an even-parity spin-triplet pairing that
is orbitally antisymmetric between two orbitals1–6. How-
ever, the pairing is fragile, because the SC is formed by
pairing two electrons with different orbitals and momenta
k and −k, yet these momenta occur at different energies
due to the different electronic dispersions of the orbitals.
Thus to stabilize such an orbital antisymmetric pair-
ing, significant orbital degeneracy is required through-
out momentum space near the FS, because splitting of
the orbital degeneracy suppresses the SC1. Furthermore,
hybridization between different orbitals, when allowed
by symmetry, can further weaken the prospect of inter-
orbital pairing in some cases, by splitting the degeneracy
where it occurs. However, significant spin-orbital mix-
ing such as spin-orbit coupling (SOC) can help to sta-
bilize the inter-orbital pairing. It was shown that SOC
indeed enhances even-parity orbital-antisymmetric spin-
triplet pairing2.
Another important aspect of the orbital anti-
symmetric spin-triplet pairing is that the Hund’s cou-
pling, significant in transition metal systems, acts as an
attractive pairing interaction1,2. Similar to the attrac-
tive Hubbard model which allows for BEC pairing, the
Hund’s coupling allows a strong Cooper pair to form be-
tween two orbitals with spin-triplet character. However,
when the electron motion is introduced, i.e., the kinetic
term in the Hamiltonian, the pairing is drastically weak-
ened, because the electrons comprising the Cooper pair
with momenta k and −k in different orbitals occur at
different energies, as discussed above.
However, the story becomes more interesting when
atomic SOC is introduced. Note that purely spin-singlet
and -triplet pairings are no longer well-defined, since
spin and orbital quantum numbers are mixed. Thus
one defines Cooper pairs in the total angular momentum
(pseudospin) basis. When the SOC is strong, this forms
the basis for SC in the heavy fermion superconductors,
such as UPt3, leading to odd-parity pseudospin-triplet
SC7,8. When the SOC is intermediate, i.e., compara-
ble to the bandwidth of the relevant orbitals, spin and
orbital characters vary continuously with k, and one can
define the pairing in either the orbital or band basis. The
SOC not only supports the orbital-antisymmetric spin-
triplet pairing as mentioned earlier, but also transforms
pure spin-triplet pairing into both pseudospin-singlet and
pseudospin-triplet pairings.
Furthermore, the form of the SOC is not limited to
atomic SOC, i.e., L · S, and the precise form can deter-
mine the momentum dependence of the superconducting
state. For example, s-wave SC proximate to a topologi-
cal insulator or strong Rashba SOC with broken inversion
symmetry leads to an effective p + ip SC, which is odd-
parity and a spinless triplet9–11. For materials with inver-
sion symmetry, there is still the possibility of even-parity
momentum-dependent SOC (k-SOC), which has been
discussed in the context of the unconventional super-
conductor, Sr2RuO4
12–15, based only on symmetry16–18.
Similar to a Rashba-SOC generated p+ ip SC, the inclu-
sion of k-SOC in a microscopic model with s-wave pair-
ing is reflected in an intraband pairing with the same
symmetry as the k-SOC at the FS.
Here we study a microscopic route to k-SOC and
how SOC transforms even-parity inter-orbital spin-triplet
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2SC into pseudospin-singlet and -triplet SC in a Hund’s
metal with multiple orbitals and strong Hund’s coupling.
We illustrate how the symmetry of this pairing on the
FS is dictated by the SOC, while away from the FS,
pseudospin-triplet interband pairing remains, dubbed a
“shadowed triplet”. While this SC behaves like a singlet
in response to low energy excitations, its hidden iden-
tity shows up at finite magnetic fields, and can be tested
when the field strength reaches an appreciable percentage
of the superconducting gap size19.
Below we first consider a simple but general two-orbital
model to show how even-parity spin-triplet pairing arises
in Sec. II. This includes the stability conditions and how
SOC transforms this pairing into a pseudospin singlet
and triplet in the Bloch band basis. The SOC in the
shadowed triplet not only plays an essential role in en-
hancing the pairing, but also determines the pairing sym-
metry. In Sec. III we investigate microscopic routes to
several k-SOC terms with d-wave symmetry, which can
lead to various d-wave pairing symmetries on the FS.
In Sec. IV, we apply the shadowed triplet pairing sce-
nario to the prominent unconventional superconductor,
Sr2RuO4
12–15, for which the SOC has been shown to
be important2,20–23, and discuss the leading instabilities
within a realistic three orbital model.
II. TWO-ORBITAL MODEL
We consider a mean-field (MF) Hamiltonian consisting
of a generic tight binding model with two orbitals, SOC
and a pairing term,
H =
∑
k
Ψ†k
(
H0(k) +H
z
SOC(k) +Hpair(k)
)
Ψk
H0(k) = ρ3
(ξ+k
2
σ0τ0 +
ξ−k
2
σ0τ3 + tkσ0τ1
)
HzSOC(k) = −λkρ3σ3τ2
Hpair(k) = −∆zρ2σ3τ2.
(1)
Here Ψ†k = (ψ
†
k, T ψTk T −1), where T indicates time-
reversal and ψ†k = (c
a†
k↑, c
b†
k↑, c
a†
k↓, c
b†
k↓) consists of electron
operators creating an electron in one of the two orbitals
a, b with spin σ =↑, ↓. We have introduced the Pauli
matrices plus identity matrix, ρi, σi, τi, (i = 0, ...3) in
the particle-hole, spin and orbital spaces respectively,
where the direct product between them is implied. The
tight-binding contribution is given by the sum of the
two orbital dispersions ξ+k and the difference between
them, or orbital polarization ξ−k , which are defined by
ξ±k = ξ
a
k ± ξbk, as well as the orbital hybridization of the
two orbitals, tk. The pairing Hamiltonian includes the
even-parity inter-orbital spin-triplet MF order parameter
of interest for Hund’s metals, with the d-vector aligned
with the z-direction,
∆z =
−(3JH − U)
4N
∑
kσσ′
[iσyσz]σσ′〈ca−kσcbkσ′ − cb−kσcakσ′〉,
(2)
where N is the number of sites and for which the attrac-
tive channel is governed by the Hund’s coupling JH and
on-site Hubbard repulsion U2,6,18,19. While these two
contributions to the Hamiltonian are sufficient in prin-
ciple for pairing to occur, it is the presence of the SOC
that will be crucial for our discussion.
The importance of the atomic SOC,
2λ
∑
i Li · Si, for this form of inter-orbital pairing
has been emphasized before2,6,16,18, where in the basis
of t2g orbitals, dxz(dyz) is coupled to dxy through the
x(y) component and the quasi-1d orbitals dyz/dxz are
coupled through the z component. However, k-SOC is
also possible, with one notable example being Rashba
SOC in systems with inversion-symmetry breaking.
Without inversion-symmetry breaking there are still
many possibilities for k-SOC, yet its interplay with even-
parity spin triplet pairing has received little attention
except for several recent studies, mostly related to the
unconventional superconductor Sr2RuO4
12–15, in which
such k-SOC has been introduced only from a symmetry
perspective with no microscopic derivation16–18. Here we
consider this by including in our model a term denoted
by HzSOC , which we take to be of the form LzSz, but
with general momentum-dependence λk to illustrate the
effects of the SOC. Later, we derive several possible
k-SOC from a microscopic perspective, which can differ
from the LzSz form included here, in Sec. III. This
model, incorporating a general kinetic Hamiltonian,
SOC and even-parity spin-triplet pairing allows for a
systematic study of the microscopic components relevant
to such pairing in multi-orbital systems and is easily
generalized to systems with three-orbitals.
To begin, we aim to understand the stability of the SC
state within our model. Let us consider the relationship
between the various components and how this affects the
quasi-particle (QP) dispersion. With zero orbital polar-
ization and hybridization, i.e., ξ−k , tk = 0, and without
SOC, the orbitals are completely degenerate, providing
maximal inter-orbital pairing. As either of ξ−k , tk be-
come non-zero, the degeneracy of the orbitals is reduced,
leading to a reduction of the phase space for pairing at
the FS and thus reducing the gap formed. These pair-
breaking effects are revealed by the commuting behavior
with the pairing term24–26. Conversely, the SOC term
anti-commutes with the pairing term and generally en-
hances the pairing state. The anti-commutators are given
by
{ξ
−
k
2
ρ3σ0τ3, Hpair} = ξ−k ∆zρ1σ3τ1
{tkρ3σ0τ1, Hpair} = −2tk∆zρ1σ3τ3
{−λkρ3σ3τ2, Hpair} = 0.
(3)
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FIG. 1. Schematic depiction of the gap at the FS in the two-orbital model with the arrows indicating the direction the contours
move as the respective parameter is increased and the dashed lines corresponding to the underlying FS. All parameters are
given in units of 2t1, see the main text for other parameter details. (a) The SOC and orbital polarization are set to zero
while the strength of the orbital hybridization, tab in tk = −4tab sin kx sin ky, is increased from zero to 0.1. This shows the
pairing is decreased by the orbital hybridization tab. (b) tab fixed at 0.1 and the strength of the orbital polarization, t
− in
ξ−k = 2t
−(cos kx − cos ky) is increased from zero to 0.13, resulting in zero gap everywhere. The orbital polarization t− further
weakens the pairing. (c) shows the revival of the gap for tab = 0.1, t
− = 0.13, as the atomic SOC λ0 is increased from zero to 0.48
demonstrating that SOC drastically enhances the pairing. (d) shows the same as (c) but with the d-wave SOC parameter λd
in λk = λd(cos kx− cos ky), instead of λ0, increased from zero to 0.48. SOC not only enhances the pairing, but also determines
the momentum dependence.
These effects are reflected in the QP dispersion, given by
Ek = ±1
2
[
ξ−2k + ξ
+2
k + 4
[
t2k + (∆
z)2 + λ2k
]
± 2
√
ξ+2k
[
ξ−2k + 4t
2
k + 4λ
2
k
]
+ 4(∆z)2
[
ξ−2k + 4t
2
k
]] 12
.
(4)
The general equation of the FS is ξ−2k = ξ
+2
k − 4(t2k +
λ2k), from which it can be seen that if λk, tk = 0 and
the orbitals are degenerate, i.e., ξ−k = 0, we recover the
conventional BCS result for the gap energy on the FS:
±∆z. In the general case where these terms are non-
zero, assuming ∆z is small, the gap energy is
E∆k (FS) ≈ ±
√
(∆z)4 + 16λ2k(∆
z)2
4(ξ−2k + 4(t
2
k + λ
2
k))
. (5)
From this, it is clear that increasing ξ−k and tk decreases
the overall gap energy. The detrimental effects on the
gap energy, signified by the commuting nature of both
tk and ξ
−
k with the pairing Hamiltonian, are a result of
shifting apart in energy the bands being paired, resulting
in the gap moving away from the FS. However, turning
on the SOC significantly enhances the gap energy2, and
as the SOC strength becomes comparable to the disper-
sion terms, the gap energy can be restored to the order of
∆z. This enhancement of the SC state is accomplished by
providing a non-zero intraband pseudospin-singlet pair-
ing on the FS, even for significant orbital polarization, as
we show below.
With the aim to further understand the stability of
the SC state and the nature of the pairing at the FS,
we diagonalize the kinetic Hamiltonian with a unitary
transformation and study how the pairing transforms to
the Bloch band basis, labeled by band indices α, β and
pseudospin s = (+,−). The transformation is given by
(
cakσ
cbkσ
)
=
(
ησ+1
2 fk − ησ−12 f∗k −gk
gk
ησ+1
2 f
∗
k − ησ−12 fk
)(
αk,s
βk,s
)
(6)
where ησ = +1(−1) for σ =↑ (↓) and s =
+(−). The coefficients of the transformation are
given by fk = − γk|γk|
√
1
2 (1 +
ξ−k√
ξ−2k +4|γk|2
) and gk =
−
√
1
2 (1−
ξ−k√
ξ−2k +4|γk|2
), where fk is chosen to be com-
plex with the same phase as γk = tk + iλk, gk is
real and |fk|2 + g2k = 1. Applying this transforma-
tion on Hpair results in the pairing in the band basis,
where we have also defined the Pauli matrices ρ˜i, σ˜i, τ˜i in
the Nambu, pseudospin and band spaces with the basis
Φ†k = (φ
†
k, T φTkT −1) and φ†k = (α†k+, β†k+, α†k−, β†k−). We
obtain,
H˜pair(k) = ρ˜2σ˜0
(−∆s(k)τ˜3 −∆sαβ(k)τ˜1)
−∆tαβ(k)ρ˜2σ˜3τ˜2,
(7)
where ∆s(k),∆sαβ(k) denote pseudospin-singlet intra-
band and interband pairings respectively and ∆tαβ(k) is a
pseudospin-triplet interband pairing. The intraband and
interband nature of these pairings becomes more appar-
ent from the operator form,
4H˜pair(k) = i∆
s(k)
[
(α†k,+α
†
−k,− − α†k,−α†−k,+)− (β†k,+β†−k,− − β†k,−β†−k,+)
]
+i∆sαβ(k)
[
(α†k,+β
†
−k,− − α†k,−β†−k,+) + (β†k,+α†−k,− − β†k,−α†−k,+)
]
+∆tαβ(k)
[
(α†k,+β
†
−k,− + α
†
k,−β
†
−k,+)− (β†k,+α†−k,− + β†k,−α†−k,+)
]
.
(8)
The above equation shows the sign change in the intra-
band pairing between the two bands, as displayed in Fig.
1 (c) and (d). This relative sign between the bands is sim-
ilar to the s+− gap structure discussed in Ref. 6, although
it should be noted that here for simplicity we have ig-
nored the SOC-induced intraorbital singlets2,6,19,27 that
would add to the gap on each band, since for small
(3JH − U) they are small compared to ∆z and they do
not affect the conclusions of this section. The band MFs
that appear are given directly from the transformation
in terms of the orbital MF ∆z, as well as momentum-
dependent factors from the unitary transformation,
∆s(k) = −2∆zIm(fk)gk = −2∆
zλk√
ξ−2k + 4(t
2
k + λ
2
k)
∆sαβ(k) = −∆zIm(f2k) = −2∆z|fk|2
tkλk
t2k + λ
2
k
∆tαβ(k) = ∆
z(g2k + Re(f
2
k)) = ∆
z
(
g2k + |fk|2
t2k − λ2k
t2k + λ
2
k
)
.
(9)
While the orbital MF is s-wave and contains no ex-
plicit momentum-dependence, transforming to the band
basis generates potentially complex momentum depen-
dence from SOC and orbital hybridization. The orbital
MF spin-triplet character carries over to the interband
pseudospin-triplet which, in the limit of zero SOC, be-
comes equal to ∆z, with both the intraband and inter-
band pseudospin singlets vanishing. However, an impor-
tant feature for λk 6= 0 is the presence of the intraband
pseudospin-singlet pairing which acquires the same sign
dependence as a function of momentum as λk. While the
interband pseudospin triplet is a signature of the funda-
mental inter-orbital spin-triplet MF, it is the intraband
pseudospin singlet forming on the FS that leads to a
weak-coupling instability in realistic systems, since the
interband pairing will generally be negligible on the FS
such that the gap is purely given by |∆s|. Considering
the QP dispersion in terms of the band pairings,
Ek =±
[
(ξαk )
2 + (ξβk)
2
2
+ (∆s)2 + (∆sαβ)
2 + (∆tαβ)
2
± ξ
α
k − ξβk
2
√
(ξαk + ξ
β
k)
2 + 4
[
(∆sαβ)
2 + (∆tαβ)
2
]] 12
,
(10)
and evaluating this on either the α or β FS, for only ∆s
intraband pairing, we obtain the gap energy ±|∆s| as
expected. For either only ∆sαβ or ∆
t
αβ interband pairing,
a gap of ±∆sαβ or ±∆tαβ forms at ξαk where ξαk = −ξβk .
This corresponds to an energy gap on the FS only where
ξαk = ξ
β
k = 0, which is not a generic feature but rather
requires fine-tuning to achieve.
To illustrate this, we now study the inter-orbital pair-
ing on the FS in a systematic way within our two-
orbital model by taking orbital dispersions resembling
the dyz, dxz orbitals, ξ
a
k = −2t1 cos ky − 2t2 cos kx − µ
and for ξbk we take x ↔ y. The orbitals are coupled
through the SOC, for which we take two cases: the
atomic SOC denoted by λ0 and a d-wave SOC given
by λk = λd(cos kx − cos ky), as well as the orbital hy-
bridization, which we take as tk = −4tab sin kx sin ky.
With these dispersions, the orbital polarization is given
by ξ−k = 2t
−(cos kx − cos ky), where t− = t1 − t2 and all
parameters are given in units of 2t1 = 1. The results are
summarized in Fig. 1, for which the gap over the FS is
shown for four cases: (a) zero SOC and zero orbital po-
larization as tab is increased from zero to 0.1, (b) keeping
zero SOC with tab = 0.1 as ξ
−
k is increased by tuning t
−
from zero to 0.13, (c) both tab and t
− are kept the same
as λ0 is increased from zero to 0.48 and (d) the same as
(c) but with the d-wave SOC, instead of λ0, increased by
tuning λd from zero to 0.48.
Beginning with zero SOC and the orbital dispersions
completely degenerate, i.e., t1 = t2, we see that the gap
is non-zero everywhere over the two identical bands, as
shown by the middle contour in Fig. 1 (a). As the
strength of the hybridization is increased from zero, the
energy separation of the two orbital dispersions increases
wherever tk 6= 0 and the gap arising from interband pair-
ing disappears at the FS, except where tk vanishes along
the kx/y = 0 lines, where the two-orbital dispersions re-
main degenerate. Starting from there with zero interband
pairing over most of the FS, Fig. 1 (b) demonstrates the
effect of the orbital polarization in further reducing the
interband pairing to zero everywhere on the FS, due to
the absence of phase space for zero-momentum pairing.
From this, Fig. 1 (c) reveals how turning on the SOC re-
vives the SC state by allowing for an intraband pairing on
the FS. As the SOC is increased from zero, the intraband
gap becomes non-zero over the entire FS, even where the
orbital polarization is large. Additionally, the sign of the
gap function is opposite on the two-bands, matching the
∆s(k)τ˜3 dependence in Eq. (7) and Eq. (8), but uniform
on each band due to the lack of momentum dependence
of the atomic SOC. In contrast to this, Fig. 1 (d) displays
the d-wave dependence of the gap arising from the d-wave
SOC. Thus with the introduction of the orbital hybridiza-
tion/polarization and subsequently the SOC, the pairing
at the FS is transformed from an interband spin triplet
to a purely intraband pseudospin singlet with the same
5momentum dependence as the associated SOC, while the
pseudospin triplet is active away from the FS.
While the model introduced in this section is simple,
its generality gives insight into the role of the orbital po-
larization, hybridization and SOC for multi-orbital sys-
tems in dictating the stability of the even-parity spin
triplet SC state and is easily extended to three-orbital
descriptions. Furthermore, we have seen that in the
band basis, the intraband pairing at the FS takes on
the momentum-dependence of the SOC, allowing for a
rich collection of pairing symmetries unexpected from the
original s-wave orbital MF and in contrast to other forms
of momentum-dependent SC that arise from non-local in-
teractions. However, the possible pairing symmetries will
depend on the forms of k-SOC that can be obtained from
microscopic considerations. Therefore, we now turn to a
study of how various forms of k-SOC can arise micro-
scopically.
III. MICROSCOPIC ROUTE TO
MOMENTUM-DEPENDENT SOC
Here, we take as a specific microscopic example the
layered perovskite Sr2RuO4, which has the tetragonal
space group I4/mmm and point group D4h, for which
the Ru 4d t2g orbitals are the relevant low-energy de-
grees of freedom. With this, we study how the various
forms of k-SOC with different d-wave form factors such
as a) an in-plane dxy SOC in the B2g representation, b)
in-plane dx2−y2 SOC in the B1g representation and c)
interlayer {dxz, dyz} SOC in the Eg representation can
arise microscopically, going beyond a purely symmetry
based analysis.
A. in-plane B2g
We begin with the in-plane k-SOC in the B2g repre-
sentation, which does not require any hopping processes
involving a different layer of Ru-O octahedra and should
therefore be expected to be the leading contribution be-
yond the atomic SOC. Such an in-plane k-SOC has a
dxy form factor and can be obtained by considering hop-
ping between next-nearest neighbour Ru atoms in a given
plane, utilizing either the top or bottom apical oxygen
of the octahedra as intermediate sites and including the
oxygen p-orbitals’ atomic SOC. This hopping process re-
sults in an electron hopping from the dxy orbital with
spin σ to either a dxz or dyz orbital with spin −σ, where
the former case is shown in Fig. 2 (a). We can construct
the effective Hamiltonian, involving only the Ru sites,
with
H
B2g
SOC =
∑
p±
H0|p±〉〈p±|H0
Ed − Ep±
, (11)
where H0 denotes the hopping Hamiltonian involving
both d and p orbitals, the sum runs over the interme-
FIG. 2. Hopping processes generating the in-plane B2g d-
wave k-SOC, with effective hopping amplitude t
B2g
soc indicated
by the solid line. a) The relevant p and d orbitals are shown
in one layer of the three-dimensional (3D) crystal structure
where the top layer is removed for clarity and the dashed
lines indicate the intermediate hopping processes. The pro-
cess involving the dxz orbital is shown as an example, since
the alternative process involving dyz is related by a C4 rota-
tion. b) Schematic top view of the hopping process, where
the bottom lobes of the pz orbitals are shown and the dashed
lines within the dxz orbitals represent the px orbitals.
diate oxygen states for an oxygen site r, which are eigen-
states of the oxygen SOC |j,mj , r〉, and we consider up
to the 2nd order of the perturbation theory for this pro-
cess. For instance, considering a hopping process be-
tween a dxy state with spin-↑ and a spin-↓ dxz state,
we have |p+〉 = − 1√6 (|px, ↓〉 + i|py, ↓〉) +
√
2√
3
|pz, ↑〉 and
|p−〉 = − 1√3 (|px, ↓〉 + i|py, ↓〉) − 1√3 |pz, ↑〉. The energy
denominator is given for |p+〉 and |p−〉 by Epd + λp2 and
Epd − λp respectively, where Epd is the difference in the
on-site atomic potentials and λp is the oxygen SOC con-
stant. Since only the px(py) orbital has finite overlap
with dxz(dyz) in the zˆ direction, to obtain a spin-flip hop-
ping at 2nd order, we are restricted to considering hop-
ping between the dxy and pz orbitals. The spin flip then
arises from the mixing of the pz orbital with the opposite
spin state of the px or py orbital due to the SOC. The
intermediate hopping amplitudes for the dxy/dxz process
are shown schematically in the top view of Fig. 2 (b),
where the lobe of the pz orbital closest to the plane of
hopping is shown.
Considering the hopping amplitude between the dxy
orbital with spin σ at site R denoted by |xy, σ,R〉 and
the opposite spin state of the dxz orbital at site R
′,
|xz,−σ,R′〉 we obtain,
〈xz,−σ,R′|HB2gSOC |xy, σ,R〉 =
ησ
∑
r
sgn(txy,zpd )sgn(t
xz,x
pd )t
B2g
soc ,
(12)
6where tB2gsoc =
λp|txy,zpd ||txz,xpd |
(Epd +
λp
2 )(Epd − λp)
, ησ = ±1 for σ =↑
(↓) and the sum over r runs over the top and bottom
apical oxygen sites, which leads to a factor of two due to
the reflection symmetry about the xy plane. From this
hopping amplitude and Fig. 2, it is also clear that the
momentum-dependence will appear with a dxy form fac-
tor since, while the sign of txz,xpd doesn’t change through-
out the xy plane, the sign of txy,zpd matches the sign of
the dxy orbital. Therefore, summing over the Ru site
and spin indices and performing the Fourier transform,
we obtain the SOC Hamiltonian for this process
H
B2g
SOC,X = −4itB2gsoc
∑
kσσ′
sin kx sin kyσ
y
σσ′c
xz†
kσ c
xy
kσ′ + h.c.,
(13)
where X,Y indicate the orbital combinations xz/xy and
yz/xy respectively.
If we now instead consider the equivalent process be-
tween the dxy and dyz orbitals, which is related by a C4
rotation, the only difference is that the hopping ampli-
tude txz,xpd is replaced by t
yz,y
pd , which is however identi-
cal in both magnitude and sign. We obtain the following
Hamiltonian for the hopping process between the dyz and
dxy orbitals,
H
B2g
SOC,Y = 4it
B2g
soc
∑
kσσ′
sin kx sin kyσ
x
σσ′c
yz†
kσ c
xy
kσ′ + h.c.,
(14)
and H
B2g
SOC = H
B2g
SOC,X +H
B2g
SOC,Y is the total Hamiltonian
for the effective B2g SOC.
B. in-plane B1g
We now consider a microscopic route to obtaining an
in-plane k-SOC in the B1g representation, which has a
dx2−y2 form factor and which now requires a different
layer of Ru-O octahedra. Let us consider hopping be-
tween nearest neighbour Ru atoms in a given plane, uti-
lizing the out of plane apical oxygen sites as intermedi-
ate states and once again including the oxygen p-orbitals’
atomic SOC. An example of this process is shown in Fig.
3 (a), for which the hopping between the dxy orbital with
spin σ state and the opposite spin state of the dyz orbital
is indicated and we consider the overlap of the dxy orbital
with both the px and py orbitals as shown. The hopping
amplitudes we consider are shown schematically in Fig.
3 (b) for both the +xˆ or +yˆ directions, where for the pz
orbital, the lobe closest to the plane containing the effec-
tive hopping is shown and the px/py orbitals are shown
in separate squares for clarity. We denote the hopping
between the dxy orbital and either px or py as t
xy
pd since
they have the same magnitude due to the C4 rotational
symmetry. The hopping between either of the dyz/dxz
orbitals and pz is denoted by t
z
pd, where the two are also
of equal magnitude.
FIG. 3. Hopping processes generating the in-plane B1g k-
SOC, with effective hopping amplitude t
B1g
soc indicated by the
solid line. a) The relevant d and p orbitals shown in the
3D structure, with the top layer removed for clarity and the
dashed lines indicating the intermediate hopping processes.
The process involving the dyz orbital is shown as an example.
b) Schematic picture of the hopping process from a top view
where only the lobe of the pz wavefunction closest to the plane
of the hopping is shown and the numbers indicate whether the
orbital is on the top(2) or bottom(1) layer. The px and py
orbitals are shown in two separate squares for clarity.
Using Eq. (11), let us consider the hopping amplitude
at 2nd order, between an electron in the dxy orbital with
spin σ at site R to an electron occupying the dyz orbital
with spin −σ at site R′. The intermediate oxygen states
must contain |pz,−σ〉 to have non-zero overlap with the
|yz,−σ〉 state, leading to the same set of intermediate
states as before, however with the time-reversed versions
contributing for a given spin σ. Therefore, evaluating
the sum over the possible intermediate states for a given
apical oxygen site, we obtain
〈yz,−σ,R′|HB1gSOC |xy, σ,R〉 =
− t
B1g
soc
4
∑
r
sgn(tzpd)
[
ησsgn(t
xy,x
pd ) + isgn(t
xy,y
pd )
]
,
(15)
where we have defined tB1gsoc = 2
|txypd ||tzpd|λp
(Epd +
λp
2 )(Epd − λp)
and sgn(t
xy,x(y)
pd ) is the sign of the hopping between the
dxy and px(py) orbital. With this general form, let us
first consider hopping along the positive x direction, for
which we only have to consider the two intermediate api-
cal oxygen sites above the plane in the ±yˆ direction, due
to the mirror symmetry about the xy plane, where the
apical oxygen above the plane in the +xˆ+ yˆ direction is
shown in Fig. 3. Reflecting in the xz plane containing
the dxy orbital, dyz, dxy and py change sign while pz and
px are invariant, leading to a cancellation of the imag-
inary term in the sum over the two oxygen sites, since
sgn(tzpd)sgn(t
xy,y
pd ) → −sgn(tzpd)sgn(txy,ypd ), while the real
7term is invariant. The hopping in the −xˆ direction gives
the same result, since sgn(tzpd)sgn(t
xy,x
pd ) is even with re-
spect to a reflection in the yz plane containing the dxy
orbital. Therefore, after summing over the possible in-
termediate sites along the ±xˆ direction in Eq. (15), we
obtain 〈yz,−σ,R± xˆ|HB1gSOC |xy, σ,R〉 = −tB1gsoc ησ. For
the hopping along the ±yˆ direction, the procedure is re-
peated, yielding the same result after summing over the
intermediate sites, however there is a relative minus sign
due to tzpd changing sign as shown in the top square of
Fig. 3 (b). This relative sign leads to the dx2−y2 depen-
dence, shown below in the effective Hamiltonian for the
hopping between the dyz and dxy orbitals in k-space,
H
B1g
SOC,Y = 2it
B1g
soc
∑
kσσ′
σyσσ′(cos kx − cos ky)cyz†kσ cxykσ′ + h.c.
(16)
It is simple to subsequently obtain the equivalent con-
tribution from the process involving the dxz orbital, ei-
ther via a C4 rotation, or by noting that the effective
hopping amplitude is identical to Eq. (15), with the only
difference occuring in the summation over the interme-
diate sites. Therefore we have for the SOC between dxz
and dxy,
H
B1g
SOC,X = 2it
B1g
soc
∑
kσσ′
σxσσ′(cos kx−cos ky)cxz†kσ cxykσ′+h.c.,
(17)
where it can be noted that combining these terms leads
to an overall contribution similar to λ(LxSx+LySy), but
with λ replaced with a dx2−y2 form factor.
C. interlayer Eg
We now proceed to consider an interlayer k-SOC as
well as interlayer inter-orbital hopping between the dxy
and either of the dxz/dyz orbitals. The k-SOC is the
spin-dependent part of this hopping process that occurs
between states with the same spin in adjacent layers, via
the apical oxygen sites as shown in Fig. 4 (a), which
displays the hopping process for the dxz/dxy case. A
schematic illustration of the relevant hopping amplitudes
is shown in Fig. 4 (b), where here, txypd is the hopping am-
plitude between the dxy and px or py orbitals in different
layers and txpd is the hopping amplitude occurring purely
in the zˆ direction between the dxz orbital and the px at
the apical oxygen site.
Let us consider the matrix element, at 2nd order, be-
tween an electron in the dxz orbital with spin σ at site R
to the dxy orbital with the same spin at site R
′. The in-
termediate states that contribute to this amplitude must
now contain |px, σ〉 to have finite overlap with |xz, σ〉 in
the zˆ direction. After evaluating the sum over the inter-
FIG. 4. Hopping processes generating the interlayer Eg d-
wave k-SOC, with effective hopping amplitude t
Eg
soc indicated
by the solid line. a) The relevant d and p orbitals shown in
the 3D structure with the top layer removed for clarity, where
the dashed lines indicate the intermediate hopping processes.
Only the process involving the dxz orbital hopping in the −zˆ
direction is shown for clarity. b) A schematic picture of the
hopping process from a top view where the bottom lobes of the
dxz orbital are shown on top of the px orbital and the numbers
indicate whether the orbital is on the top(3), bottom(1) layer
or the apical oxygen site (2).
mediate states, we obtain
〈xy, σ,R′|HEgSOC |xz, σ,R〉 =
t˜sgn(txpd)
[
sgn(txy,xpd )(2Epd − λp)− iησsgn(txy,ypd )λp
]
,
(18)
where we have defined t˜ =
|txypd ||txpd|
2(Epd +
λp
2 )(Epd − λp)
and
from which we see that the real part gives a spin-
independent hopping between the orbitals and the imagi-
nary part gives a spin-dependent hopping. By comparing
the relative phases of the wavefunctions in Fig. 4 (b), we
can see for example that both real and imaginary parts
are odd in z since sgn(txpd) is odd with respect to reflection
about the xy plane due to the sign change of dxz, while px
is even. Furthermore, since the real and imaginary parts
are proportional to sgn(txy,xpd ) and sgn(t
xy,y
pd ) respectively,
the real part will be even(odd) in x(y) with the opposite
signs for the imaginary part. Therefore, performing the
Fourier transform, we obtain the effective Hamiltonian
between the dxy and dxz orbitals,
H
Eg
SOC,X = −8tintz
∑
kσ
cos
kx
2
sin
ky
2
sin
kz
2
cxy†kσ c
xz
kσ
+ 8itEgsoc
∑
kσσ′
σzσσ′ sin
kx
2
cos
ky
2
sin
kz
2
cxy†kσ c
xz
kσ′ + h.c.,
(19)
where it is only the second term that gives an effective
8SOC due to the spin dependence, with the first being a
spin-independent interlayer hopping. The effective hop-
ping amplitudes are
tintz =
|txypd ||txpd|
2(Epd +
λp
2 )(Epd − λp)
(2Epd − λp)
tEgsoc =
|txypd ||txpd|
2(Epd +
λp
2 )(Epd − λp)
λp.
(20)
To obtain the equivalent Hamiltonian involving the dyz
orbital instead of dxz, it is sufficient to apply a C4 rota-
tion. Alternatively, the same procedure can be repeated
with the only distinction being that instead of the hop-
ping amplitude txpd between dxz/px, we have a hopping
amplitude typd of the same magnitude between dyz/py.
This leads to an effective hopping amplitude similar to
Eq. (18), but with the sign of the hopping between the
dxy and px(py) orbitals controlling the sign of the spin
dependent(independent) component. The result is an op-
posite even/odd momentum dependence with respect to
the x, y directions as for the previous case:
H
Eg
SOC,Y = −8tintz
∑
kσ
sin
kx
2
cos
ky
2
sin
kz
2
cxy†kσ c
yz
kσ
− 8itEgsoc
∑
kσσ′
σzσσ′ cos
kx
2
sin
ky
2
sin
kz
2
cxy†kσ c
yz
kσ′ + h.c.,
(21)
with the total Eg SOC Hamiltonian therefore given by
H
Eg
SOC = H
Eg
SOC,X +H
Eg
SOC,Y .
With a microscopic understanding of these three forms
of k-SOC, we next turn to incorporating them into a
more realistic three-orbital model and study the pairing
instabilities that arise in Sr2RuO4 when the on-site in-
teractions are included.
IV. APPLICATION TO Sr2RuO4
Let us therefore discuss the application of the shad-
owed triplet pairing scenario to the unconventional su-
perconductor Sr2RuO4
12–15 by performing numerical cal-
culations within MF theory for a realistic three orbital
model. While there are various possible order param-
eters that have been recently proposed18,19,28–30 to ac-
count for the diverse set of experimental data pertain-
ing to Sr2RuO4, there has been a growing body of evi-
dence suggesting that any viable order parameter must
be a time-reversal symmetry breaking (TRSB) multi-
component order parameter31–34, with an appropriate
symmetry that will lead to a jump in the c66 elastic
modulus at Tc
35,36, and lead to a substantial reduc-
tion of the nuclear magnetic resonance (NMR) Knight
shift for an in-plane field37–39. Two even parity pro-
posals are the multi-component {dxz, dyz} order param-
eter in the two-dimensional Eg representation
18,40 and
the dx2−y2 + igxy(x2−y2) order parameter which relies on
an accidental degeneracy with components from both the
B1g and A2g representations
30. Another possibility which
has not received as much consideration however is an or-
der parameter of the form s+idxy, which is a combination
of the A1g and B2g representations. Such an order pa-
rameter is also capable of generating a jump in the shear
c66 elastic modulus but not (c11 − c12)/2, similar to the
dx2−y2 + igxy(x2−y2) order parameter. This is in contrast
to an order parameter in the Eg representation, for which
there is a jump also in the (c11 − c12)/2 elastic modulus,
which has not been observed experimentally35,36.
Within a microscopic theory including the local on-site
Kanamori interactions, the atomic SOC and the B2g and
Eg k-SOCs derived in Sec. III, it is possible to stabilize
both order parameters of the s+idxy or dxz+idyz type at
the FS, depending on the relative size of the Eg, B2g and
atomic SOC strengths. While we did not consider a g-
wave k-SOC in Sec. III, it is straightforward to derive by
considering higher order hoppings, which however would
lead to a SOC strength smaller than all of the others we
have derived and is therefore not considered within our
model. As discussed in Sec. II, these order parameters
will appear as intraband pseudospin singlets at the FS,
but with underlying inter-orbital triplet character origi-
nating from the orbital MFs, given more generally here
by
∆lab =
1
4N
∑
kσσ′
[iσyσl]σσ′〈ca−kσcbkσ′ − cb−kσcakσ′〉, (22)
where l indicates the direction of the d-vector and a 6= b
are the orbital indices representing the t2g orbitals. The
atomic SOC will stabilize MFs of the form ∆xxz,xy =
∆yyz,xy > ∆
z
yz,xz
2,16,18,19. The B2g SOC which is given
by Eq. (13) and Eq. (14) will favour an order parameter
that appears with dxy symmetry at the FS, with under-
lying ∆xyz,xy and ∆
y
xz,xy triplet character, while the Eg
SOC, given by Eq. (19) and Eq. (21), will favour a multi-
component order parameter that appears as dxz+ idyz at
the FS16,18 and have underlying ∆zxz,xy and ∆
z
yz,xy char-
acter. By including both the atomic and B2g SOCs, a
multi-component order parameter with s+ idxy symme-
try at the FS can be stabilized, where the relative size of
the s and dxy components is determined by the relative
sizes of the atomic SOC λ and t
B2g
soc . Furthermore, consid-
ering the relative strengths of the intermediate hopping
amplitudes making up t
B2g
soc and t
Eg
soc, it is reasonable to
expect that the s + idxy pairing state will be dominant
over the dxz+idyz state. This can be seen by the fact that
t
Eg
soc ∝ |txypd |, which is the hopping between the dxy orbital
in one layer to the apical oxygen’s px/py orbitals in a dif-
ferent layer (see Fig. 4), while t
B2g
soc ∝ |txy,zpd |, which is the
hopping between the dxy orbital to the apical oxygen’s
pz orbital in the same layer (see Fig. 2).
Thus we propose that an order parameter of the form
s + idxy is plausible from a microscopic viewpoint. We
first present numerical calculations within our micro-
scopic theory displaying the presence of the s+idxy order
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FIG. 5. Gap at the FS for the s+idxy solution with λ = 0.05,
t
Eg
soc = 0.1λ and t
B2g
soc = 0.78λ, for which the maximum gap
over the FS is 2.0× 10−4 and the minimum gap is 7.3× 10−6,
where all energies are in units of 2t3 (see main text for de-
tails). The direction of the arrows indicates the in-plane com-
ponent of the inter-orbital spin triplet d-vector associated
with the shadowed triplet state, which transforms to intra-
band pseudospin-singlet pairing on the FS. The length of the
arrow indicates the magnitude of the in-plane component; the
shorter the arrow, the bigger the c-axis component. The in-
set displays the magnitude of the gap over the FS throughout
the full BZ, with the sign of the dxy component of the gap
function shown.
parameter for reasonable k-SOC parameters, and then
discuss how such an order parameter will differ from the
dxz + idyz state stabilized by the Eg SOC in an experi-
mental context.
Let us take a three orbital model with a Hamiltonian
H = H0 + HSOC + Hpair. The kinetic term, H0, con-
sists of a tight binding model capable of reproducing the
experimental FS of Sr2RuO4
41–44 and is given by
H0 =
∑
k,σ,a
kc
a†
kσc
a
kσ +
∑
kσ
tkc
yz†
kσ c
xz
kσ + h.c., (23)
with a the orbital index and the orbital dispersions are,

yz/xz
k = −2t1 cos ky/x − 2t2 cos kx/y − µ1d − µ, xyk =−2t3(cos kx+cos ky)−µxy−µ and tk = −4tab sin kx sin ky.
The parameters, in units of 2t3, are fixed at t1 =
0.45, t2 = 0.05, t3 = 0.5, t4 = 0.2, tab = 0.025, µ1d =
0.35, µxy = 0.45 and the chemical potential µ is adjusted
to fix the filling to 23 . The pairing term, Hpair, consists
of the interacting part of the Hamiltonian expressed in
terms of the inter-orbital triplet order parameters,
Hpair = −2N(3JH − U)
∑
a 6=b
∆ˆ†ab · ∆ˆab, (24)
where the sum over the orbital indices is a sum over the
unique pairs of two-orbitals. The SOC part of the Hamil-
tonian includes the atomic SOC, as well as the B2g and
Eg SOC terms introduced in Sec. III,
HSOC = iλ
∑
k,abc
εabcc
a†
kσc
b
kσ′σ
c
σσ′ +H
B2g
SOC +H
Eg
SOC , (25)
where a, b, c are orbital indices.
We use a self-consistent MF theory to calculate the
MFs with the attractive interaction 3JH − U = 0.7 and
the atomic SOC fixed to λ = 0.05. Focusing first on
the s + idxy solution, we set the Eg SOC strength to a
small but microscopically reasonable value, t
Eg
soc = 0.1λ.
With t
B2g
soc = 0, we obtain a purely s-wave solution with
∆xxz,xy = ∆
y
yz,xy > ∆
z
yz,xz. As the B2g SOC is turned on,
the dxy component becomes non-zero, with purely imag-
inary MFs ∆yxz,xy = −∆xyz,xy. This pairing solution is of
the form s+ idxy at the FS and corresponds to an under-
lying triplet character with a predominantly in-plane d-
vector involving pairing mostly between the dxz and dxy
as well as dyz and dxy orbitals. For t
B2g
soc ≈ 0.78λ, the dxy
and s components are approximately equal, representing
an accidental degeneracy in the SOC parameter space.
Turning to the dxz + idyz solution in the Eg representa-
tion, with the B2g SOC set to zero, the dxz+idyz solution
becomes favourable over the s-wave for t
Eg
soc ≈ 0.3λ. How-
ever, including the B2g SOC by fixing t
B2g
soc = 0.78λ, the
critical value at which the solution switches from s+ idxy
to dxz+idyz is increased to t
Eg
soc ≈ 0.4λ. Nearly half of the
on-site SOC is large for an interlayer SOC involving the
two-dimensional dxy and px/py orbitals and given that
the B2g SOC is an intralayer process, it is reasonable
that t
B2g
soc is significantly larger than t
Eg
soc.
Therefore, we take a representative set of parameters
where t
B2g
soc is significantly larger than t
Eg
soc, for which
the s + idxy solution is stabilized: t
Eg
soc = 0.1λ and
t
B2g
soc = 0.78λ. This choice for the SOC parameters leads
to a FS matching that obtained from the recent ARPES
data44 and the gap at the FS is shown in Fig. 5, along
with arrows indicating the nature of the shadowed triplet
at select k points on the FS. The gap is smallest on the
α band at the BZ boundaries, on the order of 1% of the
maximum gap or ≈ 1µeV, which is already small com-
pared to the bandwidth and the calculated gap will gen-
erally be overestimated within MF theory. Furthermore,
these deep minima in the gap are robust to changes in the
SOC parameters within the region where the s+ idxy so-
lution is stabilized. The direction of the arrows indicates
the in-plane direction of the d-vector, with the length in-
dicating the magnitude of the in-plane component; the
shorter the arrow, the bigger the c-axis component. Due
to the dxy component vanishing along the a and b direc-
tions, the pairing solution is composed of ∆xxz,xy along
the a-axis and ∆yyz,xy along the b-axis, leading to a d-
vector that is parallel to the respective axis. The van-
ishing of the dxy component of the pairing along the a/b
10
directions is illustrated in the inset of Fig. 5.
V. SUMMARY AND DISCUSSION
In summary, we have studied the microscopic mecha-
nisms of k-SOC and its importance for even-parity spin-
triplet pairing in Hund’s metals. By taking a simple
two-orbital model, we show how a purely interband s-
wave triplet pairing in the orbital basis becomes an in-
traband pseudospin-singlet pairing with non-trivial mo-
mentum dependence at the FS. Within the two-orbital
model, we have illustrated how the relevant energy scales
for this form of pairing are the orbital polarization and
hybridization, which disrupt the pairing, as well as the
SOC, which if large enough, allows for the pairing to oc-
cur for large orbital polarization and hybridization. With
Sr2RuO4 as an example, we have derived several forms
of d-wave k-SOC in the B1g, B2g and Eg representations,
by including the SOC of the oxygen sites within a model
consisting of the t2g orbitals. Such an analysis shows
that the dominant form of k-SOC will be from the next-
nearest-neighbour in-plane B2g SOC, which will generate
a dxy pairing component at the FS, in addition to the s-
wave pairing stabilized by the atomic SOC. Subsequently,
we have demonstrated the viability of the s+ idxy multi-
component solution by including the atomic SOC, B2g
and Eg SOCs within a realistic three-orbital model; for
realistic values of the three SOC parameters, the s+ idxy
solution with an in-plane d-vector is favourable over the
dxz + idyz out-of-plane d-vector solution.
While the pairing solution we have found manifests as a
pseudospin-singlet on the FS, the shadowed triplet nature
with a predominantly in-plane d-vector will be apparent
in the presence of finite fields45. As discussed previously
in Ref. 19, these properties can be confirmed by NMR un-
der uniaxial strain, with an in-plane field applied along
both the direction of the strain and perpendicular to it.
The s+ idxy state we have presented here has essentially
the same property that near the a/b directions, where
there is mostly dxz/dyz and dxy orbital character, the d-
vector is parallel to the crystal axes due to the s-wave
component of pairing and the fact that the dxy compo-
nent vanishes along those directions. Therefore, under
uniaxial strain, there should be a rotation of the average
d-vector, leading to an anisotropic Knight shift between
the a and b directions when the field is a significant frac-
tion of the gap size, which contrasts with the isotropic
singlet response for smaller fields19.
Going beyond the purely s-wave case, an s+ idxy pair-
ing naturally explains experiments suggesting a multi-
component order parameter with TRSB and the ob-
served jump in the c66 elastic modulus but not the
(c11−c12)/2 modulus31–36. The lack of an observed jump
in (c11−c12)/2 already provides evidence in favour of the
s+ idxy pairing state over the dxz + idyz state. However,
these two pairing states can also be distinguished due to
their differing triplet character. The leading order MF
for the dxz + idyz solution corresponds to an out-of-plane
d-vector, which would yield no rotation under uniaxial
strain in contrast to the behaviour of the s+ idxy state,
as discussed above. Such an experiment could provide
further support for an s + idxy order parameter arising
from the combination of local interactions and k-SOC in
light of the lack of many other viable multi-component
alternatives.
Beyond the NMR Knight shift experiments under uni-
axial strain, it will be important going forward for fu-
ture experiments to clarify whether the putative gap
nodes46–51 are indeed nodes or deep gap minima, which
arise naturally in the pairing solution considered here, as
well as the precise location in k-space of these nodes.
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